Radiation and chemical reaction effects on the steady boundary layer flow of MHD Williamson fluid through porous medium toward a horizontal linearly stretching sheet in the presence of nanoparticles are investigated numerically. Adequate similarity transformations are used to derive a set of nonlinear ordinary differential equations governing the flow. The resultant nondimensionalized boundary value problem is solved numerically by Runge-Kutta-Fehlberg fourth-fifth order method with Shooting technique. The profiles for velocity, temperature and concentration, which are controlled by a number of thermophysical parameters, are presented graphically. Based on these plots the conclusions are given, and the obtained results are tested for their accuracy.
Introduction
Due to small size and very large specific surface areas of nanoparticles, nanofluids have superior properties like high thermal conductivity, minimal clogging in flow passages, long-term stability, and homogeneity. Thus, nanofluids have a wide range of potential applications in electronics cooling, pharmacological administration mechanisms, peristaltic pumps for diabetic treatments, solar collectors and nuclear applications. Initially, Choi and Eastman [1] presented the concept of nanofluids for suspension of liquids containing ultra-fine particles. Khan and Pop [2] in their first work on nanofluid have considered the problem on flow over stretching sheet. Gorla and Chamkha [3] have analyzed the problem on flow of nanofluid with natural convective boundary layer over a horizontal plate along with porous medium. Gireesha et al. [4, 5] have studied the effects of dust particles suspended in a nanofluid flow past a stretching surface.
The non-Newtonian fluids are found in many engineering and industrial processes, such as food mixing and chyme movement in the intestine, flow of blood, flow of plasma, flow of mercury amalgams and lubrications with heavy oils and greases. Alam Khan and Khan [6] obtained the series solution by employing homotopy analysis method (HAM) in four flow problems of a Williamson fluid, namely Blasius, Sakiadis, stretching and stagnation point flows. Nadeem et al. [7, 8] presented the modeling of a two-dimensional flow analysis for Williamson fluid over a linear and exponentially stretching surface. Hayat et al. [9] performed the series solution for the time independent MHD flow of Williamson fluid past a porous plate.
Non-Newtonian fluids are grouped property-wise, as viscoinelastic fluids, visco-elastic fluids, polar fluids, anisotropic fluids and fluids with micro-structure. Out of these Williamson fluid is one of visco-inelastic fluids. Although nanofluids have been largely studied as Newtonian fluid, very recently, their rheological properties are established by non-Newtonian modeling of nanofluid transport phenomena. Many studies are focused on non-Newtonian fluid as a base fluid with suspended nanoparticles over a stretching sheet. Rizwan et al. [10] have presented the nanoparticles analysis for the Casson fluid model by assuming the convective surface boundary conditions. Malik et al. [11] obtained the similarity solution for time independent boundary layer flow and heat transfer of a Casson nanofluid through an exponentially stretching cylinder. Jeffrey fluid has ability to exhibit the properties of ratio of stress relaxation to retardation. The steady flow of Jeffrey fluid model in the presence of nano particles was studied by Nadeem et al. [12] . Shehzad et al. [13] developed a solar energy model to explore the characteristics of thermophoresis and Brownian motion in magnetohydrodynamic three-dimensional flow of nano Jeffrey fluid. In another investigation, Shehzad et al. [14] have observed the influence of nanoparticles in MHD flow of Jeffrey fluid over a stretched surface. They have considered the thermal and nanoparticles concentration convective boundary conditions. Hussain et al. [15] carried out an analysis to discuss heat and mass transfer analysis of two-dimensional hydromagnetic flow of an incompressible Jeffrey nanofluid over an exponentially stretching surface. Khan et al. [16] analyzed the free convective boundarylayer flow of three-dimensional Oldroyd-B nanofluid fluid over a bi-directional stretching sheet with heat generation/absorption. They have employed Oldroyd-B fluid model to describe the rheological behavior of viscoelastic nanofluid. Hayat et al. [17] obtained series solution using a well-known analytic approach, homotopy analysis method (HAM), for the flow of viscoelastic nanofluid over a stretching cylinder with simultaneous effects of heat and mass transfer. Nadeem and Hussain [18] have considered the two-dimensional flow of Williamson fluid over a stretching sheet and have discussed the effects of nano particles on Williamson fluid. Recently, Ramesh and Gireesha [19] studied the effects of heat source/sink on time independent boundary layer flow of a Maxwell fluid suspended with nanoparticles over a stretching sheet with convective boundary condition.
Over the last few years, a considerable amount of experimental and theoretical work has been carried out to determine the role of natural convection in the kinetics of heat transfer accompanied with melting or solidification effect. Processes involving melting heat transfer in non-Newtonian fluids have promising applications in thermal engineering, such as oil extraction, magma solidification, melting of permafrost, geothermal energy recovery, silicon wafer process, thermal insulation, etc. Roberts [20] was the first to describe the melting phenomena of ice placed in a hot stream of air at a steady state. Epstein and Cho [21] studied laminar film condensation on a vertical melting surface. Chamkha et al. [22] analyzed the effect of transverse magnetic field on hydromagnetic, forced convection flow with heat and mass transfer of a nanofluid over a horizontal stretching plate under the influence of melting and heat generation or absorption. Gorla et al. [23] presented a boundary layer analysis for a warm and laminar flow of nanofluid over a melting surface moving parallel to a uniform free stream. Prasannakumara et al. [24] studied melting phenomenon in MHD stagnation point flow of dusty fluid over a stretching sheet in the presence of thermal radiation and non-uniform heat source/sink.
Heat and mass transfer study on fluids with chemical reaction effect over a stretching sheet have important role in metallurgy and chemical engineering industries, such as food processing and polymer production. Moreover, coupled heat and mass transfer problems in the presence of chemical reaction are of importance in many processes, and have therefore received a considerable amount of attention in recent times. Possible applications can be found in processes such as drying, distribution of temperature and moisture over agricultural fields and groves of fruit trees, damage of crops due to freezing, evaporation at the surface of a water body and energy transfer in a wet cooling tower, and flow in a desert cooler.
Chamkha and Aly [25] obtained numerical solution of steady boundary-layer stagnation point flow of a polar fluid toward a stretching surface embedded in porous media in the presence of the effects of Soret and Dufour numbers and first-order homogeneous chemical reaction. Aurangzaib et al. [26] investigated the effect of thermal stratification and chemical reaction on free convection boundary layer MHD flow with heat and mass transfer of an electrically conducting fluid over time dependent stretching sheet. Abd El-Aziz [27] obtained numerical results to study the effect of time-dependent chemical reaction on stagnation point flow and heat transfer of nanofluid over a stretching sheet. Pal and Mandal [28, 29] investigated the mixed convection boundary layer flow of nanofluids at a stagnation-point over a permeable stretching/shrinking sheet subject to thermal radiation, heat source/ sink, viscous dissipation and chemical reaction using numerical method.
Even though considerable progress has been made on flow phenomena over stretching sheet, more work is still needed to understand the effect of melting involving different non-Newtonian models and the formulation of accurate method of analysis for any body shape of engineering significance. The theoretical research on the topic, however, is hampered because of the complex nature of the equations describing the flows. The main emphasis of the present study is to discuss the nanoparticles analysis for the Williamson fluid model. Similarity transformation is used to reduce the governing equations of the problem into a system of nonlinear ordinary differential equations. The obtained similarity equations are then solved numerically using Runge-Kutta-Fehlberg-45 method with Shooting technique.
Mathematical formulation
Consider a two-dimensional steady flow of an incompressible Williamson nano fluid over a stretching surface embedded with porous medium. The plate is stretched along x-axis with a velocity ax, where a > 0 is stretching parameter. The fluid velocity, temperature and nanoparticle concentration near surface are assumed to be U w , T w and C w , respectively, which are as shown in Fig. 1 . Further, let the temperature of the melting surface as T m , and temperature in the free-stream condition as T ∞ , where T T m ∞ > . The viscous dissipation and the heat generation or absorption are assumed to be negligibly small.
For the present problem, the basic equations of conservation of mass, momentum, energy and concentration for a steady flow of nanofluid can be written in Cartesian coordinates x and y as, 
The corresponding boundary conditions are given by, (2.5)
Using Rosseland approximation for radiation, the radiative heat flux is simplified as,
where σ* is Stefan-Boltzmann constant and k* the mean absorption coefficient. The temperature differences within the flow are assumed to be small enough so that T 4 may be expressed as a linear function of temperature T using a truncated Taylor series about the free stream temperature T ∞ , and neglecting the higher order terms we get,
The governing equations can be reduced to ordinary differential equations, using the following similarity transformation,
, .
(2.9)
The stream function ψ is defined such that u y
With the help of above transformations, equation (2.1) is identically satisfied, and equations (2.2), (2.4) and (2.8) along with boundary conditions (2.5) take the following forms: 
where f , θ and φ are functions of η and prime denotes derivatives with respect to η . The corresponding boundary conditions will take the following form: where the shear stress ( τ w ), surface heat flux ( q w ) and surface mass flux ( q m ) are given by
Using the non-dimensional variables, we obtain 
Numerical procedure
The non-linear ordinary differential equations (2.10)-(2.12) with boundary conditions (2.13) have been solved using the Runge-Kutta-Fehlberg fourth-fifth order method with Shooting technique. A set of non-linear ordinary differential equations are of third order in f , second order in θ and φ, and are first reduced into a system of simultaneous ordinary equations. In order to solve this system using Runge-Kutta-Fehlberg fourth-fifth method, one should require three more missed initial conditions. However, the values of
, , η θ η φ η are known when η → ∞ . These end conditions are used to obtain unknown initial conditions at η = 0 using Shooting technique. In shooting method, the boundary value problem is reduced to an initial value problem by assuming initial values. The boundary values calculated have to be matched with the real boundary values. Using trial and error or some scientific approach, one attempts to get as close to the boundary value as possible. The most essential step of this method is to choose the appropriate finite value for far field boundary condition. We took infinity condition at a large but finite value of η where no considerable variations in velocity, temperature and so on occur. We run our bulk computations with the value at η max = 5, which is sufficient to achieve the far field boundary conditions asymptotically for all values of the parameters considered.
To have a check on the accuracy of the numerical procedure used, first test computations for ′ ( ) θ 0 are carried out for viscous fluid for various values of Pr and compared with the available results of Khan and Pop [2] , Golra and Sidawi [30] , and Nadeem and Hussain [18] in Table 1 , and they are found to be in excellent agreement. 
Results and discussion
The velocity, temperature and concentration profiles are obtained by solving equations (2.10)-(2.12) with boundary conditions (2.13) by assigning numerical values to the parameter encounter in the problem. Numerical values are expressed in terms of graphs to investigate the influence of various flow, controlling parameters like magnetic parameter, Prandtl number, radiation parameter, permeable parameter, chemical reaction parameter, melting parameter, Williamson parameter, Lewis number, Brownian motion and thermophoresis parameter. Fig. 2a and 2b reveals the velocity and temperature distributions for different values of melting parameter. It is observed that for increasing values of M , the velocity and the boundary layer thickness increase and decrease the temperature distribution. This is because an increase in M will increase the intensity of melting, which acts as blowing boundary condition at the stretching surface and hence tends to thicken the boundary layer. The variation of concentration profiles with chemical reaction parameter is shown in Fig. 3 . It is observed that an increase in the value of chemical reaction parameter decreases the concentration of species in the boundary layer, whereas the velocity and temperature of the fluid are not significant with increase of chemical reaction parameter. This is due to the fact that chemical reaction in this system results in consumption of the chemical and hence results in decrease of concentration profile. The most important effect is that the firstorder chemical reaction has a tendency to diminish the overshoot in the profiles of the solute concentration in the solutal boundary layer. Fig. 4a and 4b explains the effect of radiation parameter on temperature and concentration profiles. It is observed that the temperature profile decreases and concentration profile increases for increasing values of R . This is because an increase in the radiation parameter R leads to decrease in the boundary layer thickness and enhances the heat transfer rate on melting surface in the presence of chemical effect. The effect of Lewis number (Le) on concentration and the temperature profiles are illustrated in Fig. 5a and 5b. It is clearly observed that the nanoparticles volume fraction as well as its boundary-layer thickness increase considerably as Le increases. We can also observe that temperature profiles decrease. Fig. 6 depicts the effect of Pr on temperature profiles. In the presence of melting parameter, an increase in Prandtl number increases the temperature profiles. Fig. 7a and 7b depicts the effect of magnetic parameter (Q ) on dimensionless velocity and temperature distributions, respectively. The presence of a magnetic field in an electrically conducting fluid induces a force called Lorentz force, which opposes the flow. This resistive force tends to slow down the flow, so the effect of increase in Q is to decrease the velocity and also causes increases in its temperature.
The effects of Brownian motion (Nb) and thermophoresis parameter ( Nt ) on temperature and concentration profiles are depicted in Figs. 8a and 8b , and 9a and 9b, respectively. From these plots, it is observed that the effect of increasing values of (Nb) increases temperature profiles and decreases concentration profiles, whereas increasing values of ( Nt ) increases both the profiles. Fig. 10a and 10b demonstrates the effects of permeability parameter (k p ) on velocity profiles. It is obvious that the presence of porous medium causes higher restriction to the fluid flow, which in turn slows its motion. Therefore, with increasing permeability parameter, the resistance to the fluid motion increases and hence velocity decreases. Fig. 11a and 11b illustrates that the nanofluid velocity decreases with increase in non-Newtonian Williamson parameter (λ ). Fig. 12a and 12b is plotted to explain the effect of Williamson and melting parameter on skin friction coefficient and local Nusselt number. Here we have studied two cases, namely Williamson fluid in the presence and absence of nanoparticles. It can be seen that both ′′ ( ) + ′′ ( ) f f 0 0 2 2 λ and ′ ( ) θ 0 decreases with λ , whereas skin friction coefficient increases and local Nusselt number decreases with melting parameter, which is reasonable and expected from a physical point of view. It is interesting to note that, for both parameters, skin friction as well as local Nusselt number for Williamson fluid in the presence of nanoparticles are greater than that in the absence. Fig. 14 reveals that the heat transfer rate at the surface increases with Pr . This is due to the fact that a higher Prandtl number reduces the thermal boundary layer thickness and increases the surface heat transfer rate. Fig. 15a and 15b Table 2 . From this table, we can see that both − ′ ( ) θ 0 and − ′ ( ) φ 0 decrease with increasing values of k M p , ,γ and λ . Variation of skin friction coefficient with respect to non-Newtonian Williamson parameter (λ) and melting parameter (M) is given in Table 3 . From this table, one can observe that the skin friction coefficient decreases with both (λ) and (M). 
Conclusion
Melting, radiation and chemical reaction effects on a steady boundary layer flow of a Williamson fluid in the presence of nanoparticles toward a horizontal linearly stretching sheet are studied numerically. The transformed, non-linear ordinary differential equations governing the flow are solved numerically by Runge-Kutta-Fehlberg-45 method with Shooting technique. The results for velocity, temperature and concentration distributions are presented graphically for different values of the pertinent parameters. A chemical reaction is said to be first-order if the rate of reaction is directly proportional to concentration itself. The diffusive species can be generated or absorbed due to different types of chemical reaction with the ambient fluid, which can greatly affect the properties and quality of finished products. The influence of various parameters on the Nusselt number and skin friction coefficient is also examined. The most important results are summarized as follows:
• Velocity and the boundary layer thickness increase and temperature distribution decreases with increase in melting parameter.
• Chemical reaction parameter decreases the concentration profile, whereas the velocity and temperature of the fluid are not significant with increase of chemical reaction parameter.
• Temperature profile decreases and concentration profile increases for increasing values of radiation parameter.
• Magnetic parameter decreases the velocity and also causes increase in its temperature. 
